Math 254-2 Exam 2b Solutions
1. Carefully state the definition of “dependent”, in the context of this course. Give 2 examples from R2.

A set of vectors is dependent if there is a nondegenerate linear combination yielding the
zero vector. Many examples are possible: {(1,2),(2,4)} satisfies 2(1,2) — (2,4) = (0,0);
{(1,2),(2,3),(3,4)} has three elements while dim R? = 2, hence must be dependent.

61‘2 - 2174 = 4

1'1+3£L'2—2{E3+£L'4 = 3

The remaining problems all concern the following system: 3z; 4+ 3z —623+5x4 = 5
—2$1 + 4.1'3 + 10,(64 = 12
x1 +3r9 — 223 +8x4 = 10

2. Write the above system as a matrix equation.

This system, like all linear systems, can be written as Az = b.

06 0-2 4
13-2 1 1 3
A=| 33-6 5|,o=|2|,b=|5]|.
-2 0 410 3 12
13-2 8 = 10

3. Write the above system as an augmented matrix. Put this in echelon form, justifying each step using
elementary row operations. Using the echelon form, find all solutions to the system.

06 0-2 4 1 3-2 1 3 13-2 13 13-2 13
13-2 13 0 6 0-2 4 06 0-2 4 06 0-2 4
33-6 55| —1|0-6 0 2-4| —1]00 0 00| — |00 01414
-2 0 4 1012 0 6 0 12 18 00 01414 00 0 OO
1 3-2 810 0o o0 o0 7 7 00 0 77 00 0 OO

{=3Ry+ R3 — R3,2Ry + Ry — R4, —Ro + Rs — R5, R1 < Ry},

{RQ + R3 — R3,—Rs + Ry — R4}, {R4 —2R5 — R5, R3 < R4}

14x4 = 14, hence x4 = 1. z3 is free. 6x5 — 224 = 4, hence zo = 1. 1 + 312 — 223 + 14 = 3,
hence z7 = 2235 — 1. The general solution is (2z3 — 1, 1,23, 1).

4. Write the above system as an augmented matrix. Put this in row canonical form, justifying each step
using elementary row operations. Using the row canonical form, find all solutions to the system.

We pick this up where the previous problem left off.

1 3—-2 1 3 1 3—-2 13 1 3-20 2 1 0-20-1

06 0-2 4 06 0-24 06 006 01 00 1

00 01414 — |00 0 11 — |00 011 — |00 01 1

00 0O OO 00 0 00O 00 00O 00 00 O

00 0 0O 00 0 00O 00 00O 00 00 O
{(1/14)R3 — Rg}, {(2R3 + Ry — Ry, —R3+ Ry — Rl}, {(1/6)R2 — Ry, —3Ro+ R1 — Rl}
It is now easy to read off x1 = —1 + 2x3, x5 = 1,24 = 1, yielding the same general solution.

5. Write the homogeneous system associated to the above system. Solve this homogeneous system. Then
use the particular solution (1,1,1,1) to give the general solution to the original system.

The homogeneous system is Az = 0 = (0,0,0,0,0)”. Its augmented matrix is identical to
the one above, except that the rightmost column is all zeroes.

06 0-20 10-200

13-2 10 01 000

33-6 50| —---— [00 0 10| (with the same operations as above)
-2 0 4100 00 000

13-2 80 00 000

The general solution to the homogeneous system is x4 = x5 = 0,21 = 2z3, i.e. (2a,0,a,0).
We add this to the specific solution (1,1,1,1) to get the general solution (1 + 2a,1,1+a,1).



